We investigate the critical endpoint of finite temperature phase transition of N f = 3 QCD at zero chemical potential. We employ the renormalization-group improved Iwasaki gauge action and nonperturbatively O(a)-improved Wilson-clover fermion action. The critical endpoint is determined by using the intersection point of kurtosis for the temporal size N t =4, 6, 8. Spatial sizes of N l =6-16 (N t =4), 10-24 (N t =6), and 12-24 (N t =8) are employed. We find that N t =4 is out of the scaling region. Using results for N t =6 and 8, and making linear extrapolations in 1/N 2 t , we obtain √ t 0 T E = 0.0975(14)(8), √ t 0 m PS,E = 0.2254(52)(105) and m PS,E /T E = 2.311(63)(13), where the first error is statistical error, the second error is systematic error, and m PS is the pseudo scalar meson mass. If one uses 1/ √ t 0 = 1.347(30) GeV reported by Borsanyi et al., one finds T E = 131(2)(1)(3) MeV, m PS,E = 304(7)(14)(7) MeV and m PS,E /m phys,sym PS = 0.739(17)(34)(17), where the third error comes from error of √ t 0 and m phys,sym PS = (m 2 π + 2m 2 K )/3. Our current estimation of √ t 0 m PS,E in the continuum limit is about 25% smaller than the SU(3) symmetric point.
I. INTRODUCTION
Knowledge of QCD phase structure is the basis for understanding the physics of the strong interactions at finite temperature and density. Since simulations with finite chemical potential is plagued with the sign problem, it is important to clearly understand the finite temperature phase diagram as a function of light u-d quark masses and strange quark mass before starting extensive studies at finite chemical potential.
Analytical arguments indicate that the finite temperature transition with 3 massless quarks is of first order [1] , which should then extend into the region of finite quark masses, ending at a line of critical points belonging to the Z(2) universality class [2] . Theoretical considerations alone cannot tell if the physical point with m ud /m s ≈ 25 lies on the crossover side or the first order side of the critical line.
The results of simulations done to date to locate the critical line are rather confusing. All results with staggered fermion action are consistent with the physical point being in the crossover region [3] [4] [5] [6] [7] [8] . However, on the location of the critical line, while the standard staggered action yields the critical quark mass as large as the physical up-down quark masses both for N t =4 [3] [4] [5] [6] and N t =6 [5] , more recent studies with improved staggered actions indicate that the critical quark mass is significantly smaller than the physical up-down quark masses [7, 8] . In fact improved staggered actions have yet not found first order signals. On the other hand, with the Wilson quark action, an extensive pioneering study with naive Wilson action and N t =4 temporal lattice size found that the physical point lies in the first order phase transition region [9] .
To clarify the issue, we study the critical endpoint for N f = 3 lattice QCD with nonperturbatively O(a)-improved Wilson fermion action, and attempt to estimate the continuum limit. Wilson type fermion action has exact flavor symmetry. In contrast, taste breaking with staggered type fermion action becomes large at coarse lattice spacings [10] . We consider this to be a potentially more serious issue in comparison to lack of chiral symmetry with Wilson type fermion actions. Indeed the lack of chiral symmetry should not be a major problem for studying the critical endpoint which is expected to take place at a finite value of the quark mass. This paper is organized as follows. In section II we recapitulate finite size scaling of kurtosis which we employ to locate the critical endpoint. In section III we describe our observables, taking chiral condensate as an example. In section IV We present the simulation details including the parameters and the simulation algorithm. Our numerical results are presented in section V. Our conclusions are summarized in section VI.
II. METHOD
Consider an observable O. If one denotes by x the conjugate variable to O, the n-th cumulant κ n of O is defined by log exp (xO) = ∞ n=1 x n n! κ n .
The mean value O of O, susceptibility χ O , skewness S O , and kurtosis K O are defined as
where V is volume. Of particular interest for locating the critical endpoint is kurtosis K O since it is expected to have no or only small finite size effect at a second order transition point. Let F (t, h, L) be the free energy of a system with a second order phase transition at t = h = 0 and a linear extent L. The two parameters t and h are reduced "temperature" and "external field" variables conjugate to the "energy" E and "magnetization" M operator characterizing the renormalization group flow around the critical point. According to finite size scaling theory, the free energy scales as F (t, h, L) = F (tL yt , hL y h , 1) up to analytic terms. If one approaches the critical point along the line h = 0, the kurtosis for the magnetization M satisfies the scaling relation
with
Hence the kurtosis is expected to have a fixed value at t = 0 independent of the size L.
One can generalize the scaling relation to a more general class of operators O which may be expressed as a linear combination of E and M close to the second order transition point. If the magnetization exponent y h is larger than the thermal exponent y t , one finds
where F(x) is the scaling function for the leading term, and F (x) that for the subleading term which is smaller by a factor L yt−y h . Thus there is a size-dependent shift of kurtosis in the general case.
At the first order phase transition point, for large volumes, kurtosis reaches the minimum [11] according to
where d is the dimension. We use the property of K discussed above to determine the critical endpoint by the following strategy.
1. For a given temporal lattice size N t and a spatial size N l , we collect data for a set of values of inverse gauge coupling β and hopping parameter κ around the critical endpoint.
2. For each N t and N l , we determine the transition point from the peak of susceptibility; this is done either by fixing β and fitting the susceptibility as a function of κ, or by fixing κ and searching the peak by reweighting in β [12] . 3. Using the value of κ at the peak, we determine the kurtosis at the peak K t for each spatial lattice size N l as a function of β.
4. Plotting K t as a function of β for a set of spatial sizes N l , we determine the critical endpoint by estimating the point where the kurtosis at different N l intersects; this is done by a fit inspired by the leading term of finite size scaling [5]
where K E and β E are the values of K and β at the critical endpoint, respectively. In Fig. 1 we sketch our method. It is expected that the critical endpoint of N f = 3 (also N f = 2 + 1) QCD belongs to the universality class of the 3D Ising model with Z(2) symmetry [2] . Therefore the values K E = −1.396 and ν = 0.630 are expected. However, we do not assume any value for K E and ν in the fitting.
III. OBSERVABLES
We can write the partition function with Wilson-clover fermion action as
where
Let us introduce the derivatives,
and flavor averages,W
We consider derivatives of X = N f i det D i with respect to am i up to 4th order. Defining
we find
We find then that the mean value Σ and susceptibility χ Σ are given by
and skewness S Σ and kurtosis K Σ by
For gluonic observables, gluon action density G, plaquette P and Polyakov loop L, Q i is just the i-th power of the operator.
IV. SIMULATION DETAILS
We choose three temporal lattice sizes N t =4, 6, 8 to examine the continuum limit, and run simulations for a set of spatial sizes N l = 6 − 16 (N t = 4), 10 − 24 (N t = 6), and 12 − 24 (N t = 8) for finite size scaling studies. Calculations are made with N f = 3 degenerate flavors of dynamical quarks using the Iwasaki glue [13] and the nonperturbatively O(a)-improved Wilson fermion action [14] , i.e., we determine the critical endpoint on the line of m s = m ud (= m l ) on the Columbia phase diagram plot.
We use a highly optimized HMC code [15] , applying mass preconditoning [16] and RHMC [17] , 2nd order minimum norm integration scheme [18] , putting the pseudo fermion action on multiple time scales [19] and a minimum residual chronological method [20] to choose the starting guess for the solver.
We generate O(100,000) trajectories for each lattice parameter set (β, κ, N t , N l ). We measure the gluon observables G, P, L and cumulants at every trajectory, and the quark observable Σ and cumulants at every 10 trajectories. Errors of the observables are estimated by jackknife method with the bin size of O(1, 000) trajectories.
To set the physical scale, we perform a set of zero temperature simulations. The simulation parameters, results for mass of pseudo-scalar meson and the Wilson flow scale parameter √ t 0 /a [21] are summarized in Tables II -VIII Using a combined fit of form,
we obtain the critical hopping parameter κ c and the expansion coefficients. The fit results are listed in Table IX Our calculations are carried out on the K computer provided by the RIKEN Advanced Institute for Computational Science, HA8000 and FX10 at University Tokyo, HA8000-tc/HT210 and FX10 at Kyushu University and Cray XC30 with Xeon Phi at Kyoto University.
V. RESULTS

A. Location of finite temperature transition
The first step of analysis is to locate the position of thermal transition on the (β, κ) plane for each N t and N l . In Appendix C we show representative results of susceptibility and kurtosis for the four observables at N t = 4 (Figs. 9 and 10), N t = 6 (Figs. 11 and 12), and N t = 8 ( Figs. 13 and 14) . The pairs of figures are chosen so that the pair sandwiches the critical endpoint.
For N t = 4 and 6, we fix β and make measurements at several values of κ. In order to locate the transition point, susceptibility and kurtosis are fitted with a quadratic ansatz in κ. As one observes from the fit curves, the maximum of susceptibility and the minimum of kurtosis are mutually consistent. Though not shown, we find that the zero of skewness obtained by a linear fit is consistent as well. We choose the maximum of susceptibility to be the point of transition. The results for the value of κ thus defined is listed in Table X in Appendix B. The errors are calculated from the fit.
For N t = 8, we fix κ and make runs at several values of β. Since these runs are computationally expensive, we carry out long runs at one or two judiciously chosen values of β close to the would-be transition point and make single-or multi-ensemble reweighting to search for the maximum susceptibility as shown in Figs Having determined the location of thermal transition from the peak of susceptibility, we calculate the value of kurtosis at the transition point with the help of the fit or reweighting of kurtosis. The results are listed in Tables XII and XIII in Appendix B.
B. Kurtosis intersection analysis
Ideally, if one plots the value of kurtosis along the transition line with a given temporal size N t , the curves for various spatial sizes N l intersects at a single point corresponding to the critical endpoint. In practice, the intersection point varies for various combinations of N l 's, and also depends on the observables. This is illustrated in Fig. 3 where we separately plot N t = 4 results for the gluon observables G, P, L for smaller spatial sizes N l = 6, 8, 10 and for larger sizes N l = 10, 12, 16, and similarly for the quark observable Σ. We find that gluon observable and quark observable give rather different estimates for the intersection point β E at smaller values of N l 's which, however, becomes consistent for larger values of N l 's.
We suspect that the situation above is due to the fact that our observables are linear combinations of "energy" and "magnetization" operators with different mixing coefficients so that the sub leading corrections of O(L yt−y h ) differ in magnitude from observable to observable, especially between gluon and quark observables. Since we do not have enough data set to resolve the sub leading contributions, we use the quark observable Σ as our primary operator and employ gluon observables to estimate the systematic errors in the results.
In Fig. 4 we show the intersection analysis using Σ. Also plotted is the determination of the pseudo scalar meson mass m PS,E and the transition temperature T E at the critical endpoint in units of the Wilson flow scale √ t 0 . Figures 5 show similar plots for gluon observables. The numerical values of the estimated critical endpoint (β E , κ E ), kurtosis at that point K E , the exponent ν, the pseudo scalar meson mass √ t 0 m PS,E and critical temperature √ t 0 T E are listed in Table I . We observe in this table that the kurtosis K E and the exponent ν show significant variation depending on the choice of observables, particularly with K E . This of course should not be so, and we likely need larger spatial sizes to make certain that infinite volume values are attained. Comparing with the values of possible universality classes, i.e., K E = −1.396 and ν = 0.630 for Z(2), K E = −1.758 and ν = 0.672 for O(2), and K E = −1.908 and ν = 0.748 for O(4), our numbers favor Z(2).
We may attempt to check the location of the critical endpoint and the universality class by looking at the spatial size variation of the peak height of susceptibility:
The exponent b should equal γ/ν at the critical endpoint, b = d the space dimension at the first order side at lower β, and b = 0 at larger β after the phase transition terminates. We plot the exponent b as a function of β for each N t in Fig. 6 . The horizontal line corresponds to the value γ/ν = 1.964 for Z (2) . Superimposed blocks on the line are the estimate of β E from kurtosis intersection analysis in Table I . We observe consistency with the crossing 
, N t = 6(top-right), N t = 8(bottom) determined by the quark observable Σ. point of the exponent b with the horizontal line. Unfortunately, γ/ν has a similar value γ/ν = 1.964, 1.962, 1.975 for Z(2), O(2) and O(4). Distinguishing Z(2) from the other universality classes would be difficult.
In Fig. 7 , we show the phase diagram in the (β, κ) plane. Open symbols are the location of thermal transition as determined by the susceptibility peak analysis, and filled symbols are the location of the critical endpoint estimated by the kurtosis intersection analysis for 
C. Continuum estimation of m PS and T at the critical endpoint
Finally, we extrapolate √ t 0 m PS,E and √ t 0 T E to the continuum limit. In Fig. 8 we plot √ t 0 m PS,E and √ t 0 T E against 1/N 2 t . Results based on quark and gluon estimation of β E are both shown. The green triangle on the y-axis denotes the SU(3) symmetric point estimated by √ t 0 (m 2 π + 2m 2 K )/3 ∼ 0.305. We have used the value √ t 0 = 1.347(30) GeV [22] (see also [23] ).
It is clear that N t = 4 is outside the scaling region. We therefore make a linear extrapolation with the points for N t = 6 and 8 to obtain √ t 0 m PS,E = 0.2254(52)(105) ,
where the first error is statistical error and the second error is systematic error estimated from the spread between the determinations with quark and gluon observables. Normalizing by m phys,sym PS ≡ (m 2 π + 2m 
where the third error comes from error of √ t 0 . Converting to physical units, we estimate T E = 131(2)(1)(3) MeV and m PS,E = 304(7)(14)(7) MeV.
VI. SUMMARY
We have investigated the critical endpoint of QCD with N f = 3 dynamical flavors of nonperturbatively O(a)-improved Wilson fermions. We have determined the critical endpoint by using the intersection points of kurtosis at the temporal sizes N t = 4, 6, 8. The values of kurtosis K E at the critical endpoint and the exponent ν obtained from the intersection analysis favor Z(2) universality class, and the location of the critical endpoint is consistent with those estimated from the susceptibility analysis. Further work with larger spatial lattice sizes would be needed, however, to establish the universality class.
Our current estimate of the pseudo scalar meson mass at the critical endpoint in the continuum limit is about 25% lighter than the flavor SU (3) Our continuum extrapolation has been made, however, only with two temporal lattice sizes N t = 6 and 8 as we have found that N t = 4 is out of the region of 1/N 2 t linear scaling. We are planning further studies at larger temporal sizes to obtain conclusive results.
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